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Derivatives - introduction

- Together with integrals one of the most important tools
In mathematical calculus.

- Derivative measures the sensitivity of the function f(x)
to the change of the independent variable (x) - we can
say that the derivative of a function f(x) of a variable
X iIs a measure of the rate at which the value of the function
changes with respect to the change of the variable.
In a very simple form we can say that a derivative gives
the change of function f(x) for a very small change of x.
It is called the derivative of f with respect to x.

- Many applications in physics and other natural sciences
are build upon the use of derivatives (e.g. derivative of the
position of a moving object with respect to time is the
object's velocity).



Example from physics:
Size of gravitational attraction of a mass f(x) (black curve)
and its derivative f '(x) (blue curve)

Comment: Both curves are plotted in one graph — this is incorrect
(vertical scales are different).
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anomalous gravity field (Dead Sea) its derivative with respect to x

A next example from physics:

Map of anomalous gravitational attraction in the area
of Dead Sea (left) and its derivative with respect

to x-coordinate (right).



Derivatives - introduction

- derivative is often described
as the "instantaneous rate of change”
- the process of finding a derivative is
called differentiation. The reverse
process is called antidifferentiation. slope m =
The fundamental theorem of calculus
states that antidifferentiation is the
same as integration.

changeiny Ay

change in * Az

- the derivative of a function of a single
variable at a chosen input value is
the slope of the tangent line to the
graph of the function at that point;
this means that it describes the best ~ "egraphoraiunciion, drawn in

black, and a tangent line to that

linear approximation of the function  function, drawn in red. The slope of the
tangent line is equal to the derivative of

near that inpUt Value- the function at the marked point.
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Derivatives - notation
Two distinct notations are commonly used for the derivative:

dy

one coming from Gottfried Wilhelm Leibniz: dx

and the second from Joseph Louis Lagrange: y’(x)
(sometimes signed also as Newton’s notation - y )

1. Leibniz's notation is suggesting the ratio of two infinitesimal
guantities — this expression is read as:
"the derivative of y with respect to x" or "dy by dx".

2. In Lagrange’s notation the derivative with respect to x
of a function y(x) is denoted y'(x) — this expression is read as:
“y prime x" or "y dash x“.

Comment: In mathematics, infinitesimals are things so small that
there is no way to measure them.



Derivatives - notation

e

Sir Isaac Newton (left) and Gottfried Wilhelm von Leibniz (right)

Leibniz—Newton calculus controversy



Derivatives — basic definition
Definition:
The derivative of f(x) with respect to x is the function f’(x):

df _ £/(x)= lim f(x+Ax)— f(x)
dx Ax—0 AX

LN

Ax Ax Ax B,

A secant approaches a tangent A secant approaches atangent A secant approaches atangent

when AX is getting smaller then the ratio of Af/Ax is getting
closer to the slope (derivative) of the function in this point

link:
https://en.wikipedia.org/wiki/Derivative#Notation:



Derivatives — definition

Definition:

The derivative of f(x) with respect to x is the function f '(x):
df _ ()= lim f(x+Ax)— f(x)
dx Ax—0 AX

function f(x) is differentiable, when this limit exists and when it
exists in every point of a defined interval.

Equivalent notations:

f'(X) - f(X+h)_ f(X) or f’(x)x:a _ f,(a): lim f(X)— f(a)

=i
h—0 h X—a X—a
Comment:
Derivative of a function is again a function!




Example: the function f(x) = x2

Example: We know f(x) = %2, and can calculate f{x+Ax) :
~ Start with: f(x+Ax) = (x+Ax)2
(X ) =7 Expand (x + Ax)%: f{x+Ax) = x2 + 2x Ax + (Ax)2
or

flx+0x) — f(x)

The slope formula is:

d(x2)/dx = ? &

¥ + 2% Ax + (Ax)2 — x=2
Put in f{(x+Ax) and f(x):

Ax

2% Ax + (M)

Simplify (x2 and —x< cancel): =

Ax
Simplify more (divide through by Ax): = 2% + AX
And then as Ax heads towards 0 we get: = 2%

Result: the derivative of x2 is 2x



Derivatives — definition

derivative is often described as the "instantaneous rate of change“

In a very simple form we can say that a derivative gives the change
of function f(x) for a very small change of x

the derivative of a function of a single variable at a chosen input

value is the slope of the tangent line to the graph of the function
at that point

and how is the relationship ,differentiable vs. continuous®?

Differentiable implies Continuous

Theorem. If a function f is differentiable af some a in its domain, then f is also continuous at a

But this statement is not a equivalency — if a function is continuous,
It must not be also differentiable.



Derivatives — non-differentiable functions

Functions with ,corner or sharp edge (cusp)*:

A graph with a corner. Consider the function

T for = > 0, Z
flz)=lz| = o 3
—x for z < 0. Y

This function i1s continuous at all z, but it is not differentiable at = = 0.

To see this try to compute the derivative at 0,

T e 1 By D
FO=m" "0 =, sl

We know this limit does not exist.
If you look at the graph of f(z) = |z| then you see what is wrong: the graph has a corner
at the origin and it is not clear which line, if any, deserves to be called the tangent to the graph

at the origin.



Derivatives — non-differentiable functions
Functions with ,corner or sharp edge (cusp)“

If vou look at the graph of f(x) = |&| then yvou see what is wrong: the graph has a corner
at the origin and it 1s not clear which line, if any, deserves to be called the tangent to the graph
at the origm.

A

y = ||

tangent?

rangent?

-

rangent?

tangent?

Figure The graph of y = |z| has no tangent at the origin,



Derivatives — non-differentiable functions

Functions with ,corner or sharp edge (cusp)*:
A graph with a cusp.

Another example of a function without a derivative at x = 0 1s

f(@) =zl

When vou try to compute the derivative you get this limit

f(0) = lim \/m =7

r—+ T

v=a

Comment:

Somebody could argue the
tangent is the vertical line
(identical with the y-axis), but
vertical lines do not have
slopes (slope is infinity).

The tangdent |

Figure Tangent to the graph of y = |=|!/2 at the origin



Derivatives — basic examples (using the definition)

2.1. Example — The derivative of f(z) =22 is f'(z) = 2z .

. fle+h)— f(x) o (z+h)?—2? _
d * —_— —_— —_— 2 ' —_— 2 .
R R W h Iy e+ =2
Leibniz would have written .
da? 9
— = 2.
dx

2.2. The derivative of g(x) = = is ¢'(x) = 1 . Indeed, one has
g(z +h) — g(z)

(z+h)—=x h

4 - - . _ 1 _ : .
i N T Y
In Leibniz’ notation:
w_,
doe

But be careful!
Results coming from Leibniz’s rule can be misleading here!

Example (when Leibniz notation doesn‘t work):
Find the derivative of function f(x) = x3.



Derivatives — basic examples (using the definition)

2.3. The derivative of any constant function is zero .

Let k(x) = ¢ be a constant function. Then we have

K(z) = lim FEFP @) €= hno—o,
h—0 h h—0 h h—0

Leibniz would have said that if ¢ 1s a constant, then

de
"

e

We have obtained following sequence of solutions:

(x°)' =0,
(x1)' =1,
(X2)" = 2X,
(x3)" = 3x2,

... would it be possible to write here some kind of generalization?

Derivative of x", wheren =1, 2, 3,... is equal to:
(x")" = nx1 .
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Derivatives — basic differentiation rules

As IS was also In the case of limits evaluation, the use
of the basic definition for the evaluation of derivatives
IS sometimes very cumbersome and time consuming,
SO we use some basic rules for differentiation.

differentiation of a constant (constant rule)
differentiation of constant multiple

sum or difference rule

product rule

guotient rule

chain rule

power rule

N O O s bR



Derivatives — basic differentiation rules

As IS was also In the case of limits evaluation, the use of the basic
definition for the evaluation of derivatives is sometimes very
cumbersome, so we use some basic rules for differentiation.

dec
Constant rule: ¢ =0 © _ 0
dx
Sum- '?W_LEE‘.' (u :I: 'U); = u_f :|: ?_;" {Eu :|: v _ d_u E
dx dr dx
Product rule: (u - 1:)" —u vt u-v duv _ d_ui n uﬁ
dx dx dr
, ! 7 du dv
Quotient rule: (—) = 5 U fi.r Ydx
(4 T dﬂ: 1:'2

later: power and chain rule

where ¢ — constant, u(x) and v(x) are functions



Derivatives — basic differentiation rules

Proof of the product rule: (w-v) =u - v4u- (1/2)
From the basic formula for the derivative evaluation: f'(a) = lim f(ij _ 5({1)
r—ra T — (1

We will express the numerator part of the limit (using f(x) = u(x)-v(x) ):

f(x) = fla) = u(z)v(z) — ula)v(a)
And reformulate it by adding and subtracting the expression u(x)-v(a):
= u(z)v(z) — u(z)v(a) + u(z)v(a) — u(a)v(a)
= u(z) (v(z) — v(a)) + (u(z) — u(a))v(a)

Now divide by # — a and let # — a:

lim flz) = f(a) = lim u{;r)v(;r) —v(a) + u(z) —u(a)

T—+a Tr—a T—ra r—da r—a

v(a)



Derivatives — basic differentiation rules

Proof of the product rule: (w-v) =u - v4+u-o (2/2)
lim 20 =@ _ (2@ =@ | ul@) —ule) o
T—ra Tr—a T—ra T —a T —a

(use the limit properties)

= (lim u(z)) (lim v(z) - "’(“)) + (lim ulz) - “'(“))v(a)

r—a Tr—a T— 0 r—a T —Q

u(a)v'(a) + u'(a)v(a),

In this last step we have used that

lim uz) — () =u'(a) and lim v(z) — v(a)

r—ra xr — ( r—ra €T —0a

— ((1)

and also that

lim u(z) = u(a)
I—ra



Derivatives — basic differentiation rules

; arl s Ay ay . ay
Derivation of the quotient rule: (E)’ u - : U - 1
'l‘! .11.
The result of the division operation in the quotient we will sign with a new

additional function w(x) = u(x)/v(x), from which follows: u = w-v.

By the product rule we have w vt w-v =4,
so that
, v —w-v w—(ufo) U=
1w = — —
v v v2

Next important rule of differentiation:
Differentiating a constant multiple of a function . Note that the rule

(cu) = cu'

follows from the Constant Rule and the Product Rule.

Example: f(z)= 22t —2* 4+ 7 f'(x) =827 — 32



Derivatives — basic differentiation rules

Simple examples (product and quotient rule):

Differentiate the following function: (u-v) =u - v4+u-o
x(3+ x2)

Result: 3(1+ x2)

Differentiate the following function: (;)" _u *‘;”- v
1+X
1-X
Result: 2




Derivatives — basic differentiation rules

Next important rule of differentiation:
Product rule with more than one factor.

If a function is given as the product of n functions, i.e.

flx) =u(x) x ua(x) x - -+ X uy(x),
then you can differentiate it by applying the product rule n — 1 times
(there are n factors, so there are n — 1 multiplications.)

After the first step you would get

fr — u-"l ('UE o uﬂ) -+ uq ('UE T "uﬂ-);'

In the second step you apply the product rule to (usus - - - uy)".

This yields

ff=ulug - uy + ug [ubus - -y, + up(us - uy)|

! ' /
= UqUg " - Uy + U U UG * * Uy + U U2 (u.3 v uﬂ) :

Continuing this way one finds after n — 1 applications of the product rule that

f / ! !
(ul . un} = U Uz """ Up + U U UZ - Uy + -+ + U gU2UZ -~ U,,.




Derivatives — basic differentiation rules

Next important rule of differentiation — the power rule:

The Power rule . If all n factors in the previous paragraph are the same,
so that the function f is the n'" power of some other function,

i

f(z) = (u(x))",
then all terms in the right hand side are the same, and,
since there are n of them, one gets

f(z) = nu™ ' (z)u'(z),

or, in Leibniz’ notation,

du™ d

. ﬂ_uﬂ —1

dr dr’

Comment: This is a generalization of the formula for (x")’ = nx"-1, which
we had in the slide nr. 15 of this lecture.

Very important is the differentiation of the internal function u’(x) in the end

of the final expression (we will come to it also later — it is coming from the
chain rule).

The power rule is valid also for non-integer and negative n.




Derivatives — basic differentiation rules
Example (power rule): f(z) = nu" " (z)d (2),

Derivative of the square root. The derivative of f(z) = /= = z'/? is

! _11;2—1_1—1;2_ 11
fa)=gr =5 " =gm =5/

where we used the power rule with n = 1/2 and u(z) = =.

Next important rule of differentiation — following from the power rule:

The Power Rule for Negative Integer Exponents.
Suppose n = —m where m is a positive integer. Then the Quotient Rule tells us that

Cm\ i r B [um]r
(u ) - (um) - _{um}i'




Derivatives — basic differentiation rules

Example (power rule for negative integer exponents): ( I

hﬂli

Find the derivative of function:

Alternative solution (using the standard power rule):

f'(x)= (x“‘) = 4x = 4x7° = —;;

),




Derivatives — basic differentiation rules

Next very important rule of differentiation the chain rule: (1/2)

The Chain Rule

Composition of functions. Given two functions f and g, one can define a new function called
the composition of f and g. The notation for the composition is f o g, and it is defined by the formula

fog(z)= f(9(z)).
The domain of the composition is the set of all numbers x for which this formula gives you something

well-defined.
2= f(y) = f(g(x)) = fog(z).

One says that the composition of f and g 1s the result of subsituting g in f.

For instance, if f(z) = 2% + 2 and g(z) = 22 + 1 then
foglx)=f(2z+1) =22 +1)*+ (22 +1)
and go f(z) = g(2* + ) =2(2* +2) + 1

Note that f o g and g o f are not the same fucntion in this example (they hardly ever are the same).



Derivatives — basic differentiation rules
Next very important rule of differentiation the chain rule: (2/2)

Theorem (Chain Rule). If f and g are differentiable, so is the composition f o g.

The derivative of f o g is given by

(fog)(x)=f'(g(x)) g'(z).

The chain rule tells you how to find the derivative of the composition f o g of two functions f and g
provided you now how to differentiate the two functions f and g.

When written in Leibniz’ notation the chain rule looks particularly easy. Suppose that y = g(z) and
2 = f(y), then 2z = f o g(z), and the derivative of 2 with respect to z is the derivative of the function f o g.
The derivative of z with respect to y is the derivative of the function f, and the derivative of y with respect

to = is the derivative of the function g. In short,

dz d
=(fog)(x), Z =1 and g =g()

so that the chain rule says

&
dr  dy dx’




Derivatives — basic differentiation rules

Next example (power and chain rules): f'(x) = nu™" " (z)u' (x),
(fog)(z)=f(9(2)) g'(z).
Find the derivative of function:

f(x):m:(3+ xz)‘/2

Solution:

f’(x):;(3+ x?) (34 x?) :;(3+ X2 "4(0+2x) = ,

2X _ X
(3+ xz)‘/2 3+ X°



Next example (power and chain rules): PR = e ()

Find the derivative of function: (fog)(z)= f'(g9(x)) g'(x).

f (x) = X—a

X2 +Db
Solution:

{W}( SREPLE afl x+b)

N

1x+b(xa

_ X2+ —x(x— a)(x2 + b)_]/2 _

x> +b
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Derivative Table

d du dv
—(utv)j=—=x—
dx dx dx
d du
—(cu)=c E
i(m‘} =1 dv +V du
dx dx
d dw du dv
— (W) =uv—+ Vv — + Wu—
dx X dx dx
du dv
i[ﬂ} _ ) dx ! dx
dx\ v V>

(Chain rule) If y = f(u) 1s differentiable on u = g(x) and u = g(x) 1s differentiable
on point x. then the composite function v = f{g(x)) 1s differentiable and

dy dydu

dx du dx
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Derivatives — elementary functions

Trigonometric functions: sin(x) 1/2
.y d sinx
(sinx) =cosx or by = CosX

Proor. By definition one has

_ . sin(z + h) —sin(z
sin’(z) = lim { ) (2) :
h—0 h
To simplify the numerator we use the trigonometric addition formula

sin(a + 3) = sinacos 3 + cosasin 3.
with o = 2 and 5 = h, which results in

sin(z 4+ h) —sin(x)  sin(z)cos(h) + cos(z) sin(h) — sin(x)

h h
sin(h)
h

cos(h) — 1
h

= cos(z) + sin(x)



Derivatives — elementary functions
Trigonometric functions: sin(x) 212

Hence by the formulas

lim Ei(h) =1 and lim i, o =
h—0 h h—0 h
sin(h) cos(h) —1

S =
sin'(z) = lim cos(zx
(z) h—0 () h

= cos(z)-1+sin(z) -0

+ sin(x) ;

= cos(z).

A similar computation leads to the derivative of cos z.

dcosx
dx

(cosx) =—sinx or —sinx




Derivatives — elementary functions
Trigonometric functions: tan(x)

To find the derivative of tanz we apply the quotient rule to

sinz f(x)

fanr = = .
e cosr  g(x)
We get
tan’(z) — cos(z)sin’(x) — sin(x) cos’(x)  cos?(x) + sin?(x) |
= cos?(x) B cos?(z) | cos2(2)

Result can be expressed by means of the secant function (sec x = 1/cos Xx):

= sec? X

COS° X

Trigonometric functions: cot(x)

— —csc? X

tx) = —
(cot x) sin® x

Similarly, the result is expressed by the cosecant function (csc x = 1/sin X):



Derivatives — elementary functions
Next functions differentiations will be given in a form of a table
(without derivations):

i1 ’
y = flr) o = f'lz)
.1 1
s T 7 lrg
1
COs l.I’ mll_rf
tan — T o
cosh 7 sinh T

sinh r cosh T



Next examples (trigonometric function + power/chain rule):

Find the derivative of function:
f(x)=sin’x
Solution:

(sin3 x) —3sin? X cos X

Find the derivative of function:
f(x)= cos(f%x2 + 2X +1)

Solution:

[COS(BX2 +2X +1)]I = —(6x+ 2)sin(3x2 +2X +1)



Derivatives — elementary functions
Next functions differentiations will be given in a form of a table
(without derivations):

%afz{hﬂ]ﬂf
(Ifa=¢e) LT =¢”

%lﬂgﬂr — 'L'J:lla}:
(Ifa=¢e) d;",_rlur = }:

Comment:. Derivations of these expressions are little bit
more complicated and will be shown later on.




Derivatives of elementary functions

D
dx

X" =nx*
d( 1 ]_ n
dx .xn x:-‘
d 5
—e —3
dx
ia"= *Ina
dx
d
—x*=x*(1+Inx
= (1+Inx)
dx X

d .
—SINX =COSX
dx

d .
—COSX = —SInX
dx

9 anx=sec’x= 1.,
dx COS°X
d . 1
—COtX=—CSC°X =— -
dx sin" X
—sinx = ! .
1-x°
4 1
—COS X =— =
1-x-
itan'l il 1 .
dx 1+x~
< 1
—cot ' X = - -
dx l+x-



Find Derivative of y = x X

A calculus tutorial on how to find the first derivative of y = x* for x > 0.

Note that the function defined by y = x * is neither a power function of the form x K nor an exponential

function of the form b * and the formulas of Differentiation of these functions cannot be used. We need to
find another method to find the first derivative of the above function.

Ify=x*and x = 0thenIny=In(x*)

Use properties of logarnthmic functions to expand the right side of the above equation as follows.

Ny =xInx

We now differentiate both sides with respect to x, using chain rule on the left side and the product rule on
the right.

v /y)=Inx+x(1/x)=Inx+ 1, wherey'=dy/dx
Multiply both sides by vy
y'=(Inx+ 1)y

Substitute y by x * to obtain

y' = (lnx+1)x*

http://www.analyzemath.com/calculus/Differentiation/first_derivative.html
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Higher derivatives

Derivative of a function is again a function — so it can be
differentiated again (and again).

So, we can obtain a second derivative of f(x), third ..., nth.
In Ladranae’s notation:.

f[ﬂ} _ f~ f[l} _ f’-_ f[E”I _ f”~ f[,j} _ fh'.f.. o f{nhl

In Leibniz’s notation.. o
d™y

_ pln) ¢
II'.-E.TR - f {1}

Example. If f(z) = z? — 2z + 3 then

flz)=2*-2x+3
() =2z — 2
f'(z) =2
[P (z) =0
f(z) =0
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