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Outline

ωphysical geodesy – theory of heights

ωfixed gravimetric BVP (FGBVP)

ωFEM numerical approach to solve FGBVP in Tatra Mountains

- very brief description of theory
- discretization of the computational domain

ωprocess of generating input data 

ωlocal quasigeoid model 

- comparison with DVRM05
- GNSS-levelling test

ωconclusions 

ωfew photos from gravimetric mapping in 2004 and 2010



Physical geodesy  ­ theory of heights

Gravity field modelling

(source: http://www.bkg.bund.de)
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Relations between European national height 

reference systems and EVRF2007

­ one of the three main pillars of geodesy

­ related to a physical principle of heights

­ a prime variable is the geopotential W (can not be measured)

­ gravity (measurable) g = grad W

http://www.bkg.bund.de/


Definition of normal heights

Geopotential number
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Geoid:   W0 = 62 636 853.4 m2s-2    (Sánchez et al. 2016)



Fixed gravimetric BVP (FGBVP)

­ numerical solution of FGBVP in spatial domain

­solution on the real Earthôs topography (discretized)

­ to treat the oblique derivative problem (challenge) 

Objective

the exterior oblique derivative BVP for the Laplace equation

Precise 3D positioning by GNSS  ­ the fixed boundary

A main difference to treatments in spectral domain 



FEM for a numerical solution to FGBVP

Finite Element Method (FEM)

An alternative to classical approaches mostly based on R-C-R strategy 

ωdiscretization of the whole 3D computational domain 
®

FEM solution fixed on the artificial upper boundary

(FaǑƪƻǾł Ŝǘ ŀƭΦ нлмл), (FaǑƪƻǾł Ŝǘ ŀƭΦ нлм2), (aƛƴŀǊŜŎƘƻǾł Ŝǘ ŀƭΦ нлнм)



FEM approach for local solutions

ñsatellite-fixedò FGBVP

ωdiscretization of the whole 3D computational domain into finite elements   ­

ωweak formulationon the finite element

ωtreatment of the oblique derivative BC :



FEM approach for local solutions

ωweak formulationon the finite element

ωglobal linear system of equations 
όŎƻƴǘƛƴǳƛǘȅ ƻŦ ǘƘŜ ǇǊƛƳŜ ǾŀǊƛŀōƭŜǎ Ҍ άŜǉǳƛƭƛōǊƛǳƳέ ƻŦ ǘƘŜ ǎŜŎƻƴŘ ǾŀǊƛŀōƭŜǎύ

ωlocal linear system of equations for each element

ωdiscretized form for a hexahedral element (linear basis functions)



Discretization of the computational domain

ωŘƛǎŎǊŜǘƛȊŜŘ 9ŀǊǘƘΩǎ ǘƻǇƻƎǊŀǇƘȅ όhorizontal resolution 20 x 20 m)
non-uniform division in the radial directions 

ωр Ƴ ƻƴ ǘƘŜ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ όǘƘŜ ōƻǘǘƻƳ ōƻǳƴŘŀǊȅύ
ω1 km at 230 km (the upper boundary)

3750³2050³500 =  3,843,750,000 elements

DMR 5.0

(ÚGKK SR)

NMT

(GUGiK PL)

+

Slovakia: Poland:



Dirichlet BC on the upper and side boundaries

Upper boundary (230 km)

GO_CONS_GCF_2_DIR_R6
(SH up to d/o 300)

Ý disturbing potential 
generated from

Side boundaries South North West East

Ý disturbing potential generated from the FEM 
solution for Slovakia (resolution 100 x 100 m)



Gravimetric mapping in Tatra Mountains

old measurements: new measurements:
- in Slovakia
- in Poland

- campaign 2004 (Slovakia)
- campaign 2010 (Slovakia) 
- campaign 2004 -2005 (Poland)



Gravimetric mapping in Tatra Mountains (2004)

High Tatras

Western Tatras



Generating input data on the Earth’s surface

Complete Bouguer Anomalies (CBA) 

Topo_SK software

(Zahorec et al. 2017)

discrete gravimetric measurements
®topo-corrections (DTM)

complete Bouguer anomalies
(gridding)
®topo-corrections (DTM)

gravity disturbances in regular grid

DMR 5.0  +  NTL



Generating input data on the Earth’s surface

Surface gravity disturbances -ƎŜƴŜǊŀǘŜŘ ŀǘ ƎǊƛŘ Ǉƻƛƴǘǎ ƻƴ ǘƘŜ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ(resolution: 20 x 20 m)

CBA2G_SK software

(Marušiak et al. 2015)

DMR 5.0  +  NTL



Validation of generated gravity disturbances (I)

Levelling line - Skalnate pleso

[mGal]



Validation of generated gravity disturbances (II)

Detail gravimetric profile Velicka valley

[mGal]



Generating input data on the Earth’s surface

Surface gravity disturbances -ƎŜƴŜǊŀǘŜŘ ŀǘ ƎǊƛŘ Ǉƻƛƴǘǎ ƻƴ ǘƘŜ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ(resolution: 20 x 20 m)

CBA2G_SK software

(Marušiak et al. 2015)

DMR 5.0  +  NTL



Computational aspects

Linear system of equations Ý sparse system matrix (28-point stencil)

Parrallel implementation (MPI)

­ data splitting into processors/cores

Large-scale parallel computations on clusters with distributed memory

º1.2 TB

ωdiscretization of the 3D computational domainÝ memory requirements

ωperformed on 192 cores Ý 48 MPI processes (each with 4 OpenMP threads)

CPU time Ý 90 h (º3.8 days)

3750³2050³500 =  3,843,750,000 elements



Local quasigeoid model in Tatra Mountains

FEM numerical solution to FGBVP

horizontal 
resolution

20 x 20 m

P

P
P

T

g
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Contribution of grid refinements

TOPO 100 m  ­ 20 m

100 m  ­ 40 m 40 m  ­ 20 m



Comparison with DVRM05 (reference vertical surface)

DVRM05FEM

FEM - DVRM05



Detail in High Tatras

FEMDMR_5.0

FEM - DVRM05 40 m  ­ 20 m

[m2s-2]



GNSS-levelling test: FEM solution

FEM - DVRM05



GNSS-levelling test: DVRM05

FEM - DVRM05



GNSS-levelling test:  EVRS-2019 vs. Bvp

EVRF-2019 Bpv

¶­ original EVRS-2019 benchmarks

­ derived EVRS-2019 benchmarks



Conclusions

- the resolution 20 x 20 m is required in High-Tatras

- the resolution 40 x 40 m is sufficient in Western-Tatras

FEM approach

ωdirect results:

-ŘƛǎǘǳǊōƛƴƎ ǇƻǘŜƴǘƛŀƭ ƻƴ ǘƘŜ ŘƛǎŎǊŜǘƛȊŜŘ 9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ

ωlevel of discretization:

- significantly important to reach άŎƳ-ƭŜǾŜƭ ŀŎŎǳǊŀŎȅέ

ωgenerating input gravity disturbances through the map of complete Bouguer anomalies
- crucial step but computationally demanding (topographic corrections from DEMs)

ωopen issue:

- convergence of the oblique derivative

Ý large memory requirements

GNSS-levelling test -ƛƴŘƛŎŀǘŜǎ άŎƳ-ƭŜǾŜƭ ŀŎŎǳǊŀŎȅέ όŦŜǿ ŎƳύ ōǳǘ ǊŜǉǳƛǊŜǎ ǊŜƭƛŀōƭŜ
GNSS/levelling  benchmarks in high-mountainous regions



Thank you For Your attention !


