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Physical geodesy -

theory of heights

Gravity fisld modslling

- one of the three main pillars of geodesy
- related to a physical principle of heights

- aprimevariableis the geopotential W (can not be measured)

- gravity (measurable)

Sea level heights:

Aorthometric heights
Anormal heights

Adynamic heights

Relations between European national height
reference systems and EVRF2007

g =grad W
Hp — - (\NP_ VVO)
g
Wy = g20id
- (VVP - \No)
Hp, = = Areference
g equipotential
H, = - (W, - W,) surface
const

Reference tide gauges

- Alicante - Cascais - Kronstact l:l Ostend
- Amsterdam - Constanta l:l Malin Head l:l Trieste
l:l Antalya - Durres l:l Marsei lles - other

l:l Belfast - Genoa - Mewlyn I:l noinfarmation

(source: http://www.bkg.bund.de)
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Definition of normal heights

Normal height

Quasigeoid height

Hnorm:C_Pz' (\NP_VVO)z_ (I—P+UP_VVO)
b s — —
g g g

Geoid: W, =62 636 853.4 m?s2 (Sdnchez et al. 2016)

T, (W-Uy)

V. =
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Geopotential number

P
Co =- (W, - W) = fpdn
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Fixed gravimetric BVP (FGBVP)

the exterior oblique derivative BVP for the Laplace equation

AT(x) =0, xe R -5,

VT(x)-s(x) = —d6g(x), x €098,
T'(x)— 0, as |x|] — oo,

the fixed boundary

Precise 3D positioning by GNSS -

Objective

By
IR

numerical solution of FGBVP in spatial domain
- solution on the real Earthos & =

to treat the oblique derivative problem (Challenge)
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A main difference to treatments in spectral domain



FEM for a numerical solution to FGBVP

rinita El2mant Vainod (FE)\Y)

wdiscretization of the whole 3D computational domain
®
FEM solution fixed on the artificial upper boundary
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An alternative to classical approaches mostly based e@-R strategy



FEM approach for local solutions

Asat eflilxietdeo FGBVP

AT(x) =0, xe 2 CR’,
VT (x)-s(x) = —dg(x), xel Cas2,
T'(x)=Tsar(x), xe€d2—1T,

wdiscretization of the whole 3D computational domain into finite elements

wweak formulationon the finite element

fVT -Vwdxdydz = f VT -nwdo,
£2¢ as§2¢
wtreatment of the oblique derivative BC :

s = cin+ o2ty + o3t —8g 0T 30T
VT -n=
VT -s=ciVT -n+aoVT -t; + VT -t = —8g. Cl cp oty cp ot




FEM approach for loc

wweak formulationon the finite element

aT g
VT - Vwdxdvdz + S
’ Cl atg Cl aty

£2¢ e re

VT -nwdo.
re aQe\re

wdiscretized form for a hexahedral elemétiear basis functions)

wlocal linear system of equations for each element

Ke Te — Q(’.‘

wglobal linear system of equations
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KT = Q,
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Abstract

The paper presents local gravity field modelling in spatial domain using the finite element method (FEM). FEM as a numerical
method is applied for solving the geodetic boundary value problem with oblique derivative boundary conditions (BC). For such
a problem, we derive a new numerical scheme where the oblique derivative BC are considered directly at computational nodes
on the discretized Earth’s topography. Then, the developed FEM approach is tested in several artificial testing experiments
as well as by a reconstruction of a known harmonic function above the extremely complicated Earth’s topography in the
Himalayas. A main numerical experiment is focused on very detailed local gravity field modelling in Slovakia using terrestrial
gravity data. The high horizontal resolution 100 x 100 m and nen-uniform resolution in the radial direction has resulted in
a 3D unstructured mesh of finite elements with 5,287,500,000 unknowns. Large-scale parallel computations were performed
on a parallel cluster using 1.5 TB of distributed memory. The obtained local quasigeoid model is tested at 403 GNSS-levelling
benchmarks. The standard deviation of residuals 2.77 cm, which decreases to 2.54 c¢m after excluding 7 outliers, indicates
its high precision. However, depicted residuals show their low-frequency character with amplitudes about =3 cm. As a by-
product, the first and second derivatives of the obtained disturbing potential in the radial direction are also evaluated in several
altitude levels as well as on the Earth’s surface. Finally. the paper presents a comparison of the obtained FEM solution with
the recent local quasigeoid models in Slovakia computed in the spatial as well as spectral domain. It illustrates a practical
contribution of the presented FEM approach for precise local gravity field modelling, especially in high mountains

Keywords Finite element method - Local gravity field modelling - Oblique derivative boundary value problem

1 Introduction face gravity disturbances that represent the oblique derivative
boundary conditions (BC) of the fixed gravimetric bound-
ary value problem (FGBVP). Hence, from the mathematical
point of view, the FGBVP represents an exterior oblique
derivative geodetic BVP for the Laplace equation, cf. Koch
and Pope (1972), Freeden and Kersten (1981), Bjerhammar
and Svensson (1983) and Holota (1997)

A standard procedure to solve the oblique derivative BVP
has been based on integral equations using the single-layer
potential, cf. Bitzadse (1968) and Miranda (1970). Later
N Koch and Pope ( 1972) applied such an integral equalion pro-
& Rebert Cundegltk F ‘ver, lhes ureoﬁh
S Camm@“;b' sk a S IJ dZ7\ t 7\ Sintgs l’\r ti mﬁé;s prmcl mle ral value!

Karol Mikula lurned out to be a serious obstacle, see Freeden and Ger-
mikula@math.sk hards (2013). Later. Freeden and Kersten (1981) proposed a
new concept of approximations using the generalized Fourier
expansions to transfer strongly singular integrals into regular
ones. This approach has been further developed in Freeden

The determination of the Earth’s gravity field is usually
formulated in terms of the geodetic boundary value prob-
lems (BVPs). Nowadays, precise 3D positioning of terrestrial
gravimetric measurements by GNSS directly provides sur-
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Altitude [m]

Discretization of the computational domain
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Dirichlet BC on the upper and side boundaries

Upper boundary (230 km)

Y  disturbing potential
generated from
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Side boundaries

Y  disturbing potential generated from the FEM
solution for Slovakia (resolution 100 x 100 m)
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Gravimetric mapping in Tatra Mountains
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Gravimetric mapping in Tatra Mountains (2004)




Generating input data on the Earth’s surface

discrete gravimetric measurements Complete Bouguer Anomalies (CBA)
®topo-corrections (DTM
complete Bouguer anomalies
(gridding)
®topo-corrections (DTM
gravity disturbances in regular grid

-1170000

Topo_SK software

(Zahorec et al. 2017)

-1200000 2
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Generating input data on the Earth’s surface

Surface gravity disturbances -3SY SN 0SR G 3INRAR LIrdsoyitibrin20 x2ofm) 0 K S
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(Marusiak et al. 2015)
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Validation of generated gravity disturbances (l)
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Validation of generated gravity disturbances (Il)

Detail gravimetric profile Velicka valley
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Generating input data on the Earth’s surface

Surface gravity disturbances -3SY SN 0SR G 3INRAR LIrdsoyitibrin20 x2ofm) 0 K S
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Computational aspects

Linzar systam of a¢uaijons Y  sparse system matrix (28-point stencil)

Parrall2] imolz2maniation (VI2))

data splitting into processors/cores

Large-scale parallel computations on clusters with distributed memory

wdiscretization of the 3D computational domak memory requirements

37503 20502 500 = 3,843,750,000 elements

—>

°© 12TB

wperformed on 192 coreY 48 MPI processes (each with 4 OpenMP threads)

CPU timeY 90 h (° 3.8 days)




Local quasigeoid model in Tatra Mountains

FEM numerical solution to FGBVP
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Contribution of grid refinements




Comparison with DVRMO5 (reference vertical surface)
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Detail in High Tatras




GNSS-levelling test: FEM solution




GNSS-levelling test: DVRMO05




GNSS-levelling test: EVRS-2019 vs. Bvp

EVRF-2019

Bpv
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-330000

1[ - original EVRS-2019 benchmarks
A - derived EVRS-2019 benchmarks



Conclusions

FEM approach

wdirect results _
- RAAUGAzNDAY 3T LROGSYIGAL Tt 2y 4
wopen issue: )
- convergence of the oblique derivative

wlevel of discretization: p
- significantly important to reaclh Oty S @St | OOdzNJ) Oeé €

- the resolution 20 x 20 m is required in Higatras v
- the resolution 40 x 40 m is sufficient in Westdratras

large memory requirements

wagenerating input gravity disturbances through timep of complete Bouguer anomalies
- crucial step but computationally demanding (topographic corrections from DEMS)

GNSS-levelling test -AYRAOHISAS G ONOOdzNY Oe¢ 6FSg OYO

GNSS/levelling benchmarks in higlountainous regions
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